Abstract. We report on the recent results revealing the presence of geometric invariants in all the phenomena in which vacuum condensates appear and we show that Aharonov-Anandan phase can be used to provide the evidence of phenomena like Hawking and Unruh effects and to test some behavior of quantum field theory in curved space. A very precise quantum thermometer can be also built by using geometric invariants. [7, 8, 9] , quantum dissipative systems [10] and graphene physics [11] . The formal differences among these systems are contained in the Bogoliubov coefficients.
Introduction
Disparate physical systems show the presence of vacuum condensate and are effectively described in a similar way by Bogoliubov transformations. Examples are represented by gravitational effects like Unruh [1] , Hawking [2] and Parker [3] ones, phenomena like Schwinger effect [4] , superconductivity [5] , Thermo Field Dynamics [6] , particle mixing [7, 8, 9] , quantum dissipative systems [10] and graphene physics [11] . The formal differences among these systems are contained in the Bogoliubov coefficients.
Some of these phenomena, like Hawking, Unruh and Parker effects, which consist in the nonperturbetive production of particle-antiparticle pairs from vacuum, are very hard to be detected and intensive study has been devoted to the tentative to observe such phenomena in analogous atomic systems and to test quantum field theory in curved space-times in laboratory.
An apparently separated research line is represented by the study of geometric phases [12] - [16] appearing in the evolution of many physical systems. Such phases have been observed in a variety of systems [17, 18, 19, 20] and their potential applications in particle physics has been also studied [16] .
In the present paper we report the results of Ref. [21] where the presence of geometric phase in all the systems effectively described by a Bogoliubov transformation has been unveiled. We show that Aharonov-Anandan (A-A) invariant can be used to prove experimentally, in atomic systems, the existence of Hawking radiation and Unruh effect, and to reveal some aspects of quantum field theory in curved background in particular graphene morphologies. A-A invariant can be also used to build a very precise thermometer.
The paper is structured as follows. In Sec.II we recall some basic facts about Bogoliubov transformations and A-A invariant and we derive the expression for A-A phase for systems underlying to a Bogoliubov transformation. In Sec.III we present the geometric invariant arising in thermal states and study its application to the Hawking effect in acoustic black hole. The application of A-A invariant to graphene physics and to the study of Unruh effect are presented in Secs.IV and V, respectively. The possibility to build a quantum thermometer by using A-A phase is shown in Sec.VI and Sec.VII is devoted to conclusions.
Aharonov-Anandan invariant and vacuum condensate
The Bogoliubov transformation [6] has the form:
. It is required to be a canonical transformation, i.e. it must leave the canonical commutation relations (CCRs) invariant. This request translates in the condition |U k | 2 ± |V k | 2 = 1, with + for fermions and − for bosons. The Bogoliubov transformation can be rewritten in terms of the generator J(ξ, t) as:α r k (ξ, t) = J −1 (ξ, t) α r k (t)J(ξ, t) . In the case of the phenomena described by Bogoliubv transformations, the states physically relevant are the states | ψ(ξ, t) related to the original states |ψ(t) by the transformation | ψ(ξ, t) = J −1 (ξ, t)|ψ(t) . For these states the variance of the energy is always different from zero. This fact implies that A-A invariant appears in a similar way in all the phenomena representable by a Bogoliubov transformation. Indeed, in order to generate the A-A phase [13] in the time evolution of an isolated system it is necessary and sufficient that the state of the system |φ(t) is not a stationary state, i.e. it has a nonzero value of the uncertainty ∆E(t) in energy, ∆E 2 
In the case of phenomena in Refs. [1] - [10] , the geometric phase, expressed without making explicit the expressions of the Bogoliubov coefficients, is formally the same for all the systems. In particular, for neutral scalar field, it is given by S B (t) = 2
Similar relation holds for fermions. We now study different specific cases.
Aharonov-Anandan invariant and Hawking effect
Thermal state -Let us start by considering the thermal state defined in Thermo Field Dynamics [6] . The parameter ξ characteristic of the Bogoliubov transformation describing the relation between the thermal and the non-thermal state depends on temperature. The relevant vacuum is the finite temperature one, and the coefficients U and V for bosons are U T k = e βhω k /(e βhω k − 1) and V T k = 1/(e βhω k − 1), respectively, with β = 1/k B T . Similar coefficients are found for fermions. The Aharonov-Anandan invariant is S T (t) = 2 √ 2ω k t e βhω k /2 /(e βhω k − 1) , then, the phase difference existing between two thermal states at different temperature is
Hawking effect -An example in which the state | 0(ξ, t) represents a thermal vacuum is given by the Hawking effect. Then the invariant (1) can help to detect the Hawking radiation.
Such an effect consists in black body radiation that is predicted to be emitted by black holes, due to quantum effects near the event horizon. The thermal bath observed outside the event horizon of a black hole has a temperature depending on the black hole mass M , T H =hc 3 /8πGM k B , where G is the gravitational constant. This effect can be described by a thermal state with temperature T H .
Recently, an acoustic black hole has been generated by accelerating a Bose-Einstein condensate of 10 5 atoms of 87 Rb to velocities which exceed the sound velocity [22] . The sonic event horizon is represented by the point where the flow velocity equals the speed of sound. Thus sound waves, rather than light waves, cannot escape the event horizon. In this experiment the flow velocity is in only one direction. The effective temperature of Hawking radiation for such a system is given by T H =hg H /2πk B c H , where c H is the sound speed at the black hole horizon, and g H represents the effective surface gravity [22] . Such a temperature can be also written as T H = µ/k B πλ, where µ = mc 2 is the chemical potential of the condensate with m atomic mass, c speed of sound in the condensate, and λ represents a parameter corresponding to the number of correlation lengths need to have a thermal spectrum for the Hawking radiation. λ = 7 in [22] , moreover, the temperature of the acoustic black hole is T H ∈ (2 − 10)nK. Since the temperature of the condensate T cond is (20 − 170)nK, the Hawking radiation is indistinguishable from the thermal noise and very difficult to identify also in such a system. An interferometric study could then be crucial in the detection of Hawking radiation in acoustic black holes. Indeed, a geometric phase similar to the thermal one is associated to Hawking radiation with T ≡ T H . Such phase could be detected via interferometry, measuring the difference of geometric phase between two flows of one-dimensional Bose-Einstein condensate, one in which is realized an acoustic horizon and the other in which the stream is subsonic. Such a configuration can be obtained by using two devices like the one presented in [22] . In this way the Hawking radiation can be distinguished from thermal noise, by means of the presence of a difference of geometric phases ∆S H between the supersonic and the subsonic condensate. ∆S H is given by Eq. (1) where the relevant temperatures are T 1 ≡ T H + T cond and T 2 ≡ T cond .
By considering the limit imposed by the dimension of the acoustic black hole [22, 23] and the fact that the black hole horizon is maintained for about 20ms in the experiments [22] , we plot in Fig.1 ∆S H as function of excitation energy for different black hole temperatures. Such pictures show that A-A phases are in principle detectable, thus they can be used to reveal Hawking effect in Bose-Einstein condensate.
Aharonov-Anandan invariant and graphene
A system in which the presence of A-A invariant can help to verify quantum field theory in curved space in table top experiment is represented by graphene. Recent studies on graphene have shown that morphology of the sample modifies its electronic properties. In Ref. [24] it has be shown that a sheet of graphene shaped as Beltrami pseudosphere, dl 2 = du 2 + r 2 e 2u/r dv 2 , with v ∈ [0, 2π], u ∈ [−∞, 0] and r radius of curvature, displays a finite temperature electronic local density of states, thus revealing characteristic properties of quantum field theory in curved spaces. The temperature found in [24] is T = T 0 e u/r with T 0 =hv F /(2πk B r) where v F is the Fermi velocity. In [24] an experiment with a Scanning Tunneling Microscope (STM) has been also proposed to detect the effect there provided. Here we show that such effect could be revealed easily by using the A-A invariant. By using the local Weyl symmetry and the formalism presented in [24] , we find that the geometric phase in graphene shaped as Beltrami pseudosphere is given by
Since the zero-curvature limit of finite temperature electronic local density of states does not match the flat electronic local density of states [24] , for r → ∞, Eq. (2) does not match the geometric phase in the case of flat space. A phase difference of the tunneling current along two different meridians u and u ′ can be measured by fixing the energy E =hω and the curvature r of the surface. Then, from the value of ∆S g one derives the value of the temperature T 0 . In Fig. 2 we plot ∆S g as function of T 0 for values of the electron energy shown in the inset and for u = −r/2 and u ′ = −r/3, with variable r. We see that ∆S g = 0 in graphene for a wide range of values of T 0 .
Aharonov-Anandan and Unruh effect
Another example in which the state | 0(ξ, t) represents a thermal vacuum is given by the Unruh effect. In this phenomenon, the ground state for an inertial observer is seen as in thermodynamic equilibrium with a temperature different from zero by the uniformly accelerated observer. The Bogoliubov coefficients allow to express the Minkowski vacuum in terms of Rindler states. The temperature of thermal bath depends on the acceleration a of the observer, T U =ha/2πck B . The detection of such phenomenon is very hard, thus, also in this case, the geometric phase (1) could represent an useful instrument.
Since, in free field case, the inertial systems has no A-A phase, the geometric phase difference between the accelerated and inertial systems coincides with the phase of the accelerated system and Eq.(1) reduces to ∆S U (t) = 2 √ 2ω k t e πω k c/a /(e 2πω k c/a − 1) . Such a equation describes completely the geometric phase produced in the gravitational Unruh phenomenon. In this regard, let us note that many proposal have been suggested to detect Unruh effect in atomic device by means of Berry phase [25, 26] . It has be shown that such a phenomenon could be demonstrate by analyzing the phase variation due to the acceleration of a two level atom, which can be observed through interference with an inertial atom.
We note that the Berry phase is defined only for systems which have an adiabatic and cyclic evolution. Here, we compute the A-A phase that is independent by the particular time evolution of the system and generalize the Berry phase to the noncyclic case. Thus A-A invariant can be more useful than Berry phase in the study of Unruh radiation. We consider the interacting Hamiltonian describing the interaction between the atom and the electromagnetic field in the multipolar scheme, H = (1/2)h ω 0 σ 3 + H φ − e mn r mn · E(x(t))σ mn , where ω 0 is the energy level spacing of the atom, H φ is the Hamiltonian of the electromagnetic field, and E is the electric field strength. Assuming a weak interaction between atom and field, one has the effective hamiltonian H ef f = (1/2)h Ω σ 3 , with Ω renormalized energy level spacing which contains the Lamb shift term. Considering a two level atom state, |φ(t) = sin(θ(t)/2)|+ + cos(θ(t)/2)|− (with θ(t) defined in [21, 25] ), the A-A invariant generated in the evolution of this state is S = Ω τ 0 sin θ(t)dτ . For a two-level atom uniformly accelerated in the x direction with acceleration a, the phase S a is
where R a = B a /A a , with A a = (1/4) γ 0 1 + a 2 /c 2 ω 2 0 (e 2πcω 0 /a + 1)/(e 2πcω 0 /a − 1) , and B a = (1/4) γ 0 1 + a 2 /c 2 ω 2 0 , with γ 0 = e 2 | −|r|+ | 2 ω 3 0 /3πε 0h c 3 spontaneous emission rate and Ω a effective level spacing of the atoms [21, 25] .
In the case of an inertial atom, a = 0, the phase S a=0 assume the same form of Eq. (3), with A a , B a , R a replaced by A 0 = B 0 = (1/4) γ 0 and R 0 = 1, respectively. The phase difference between the phases of accelerated and inertial atoms, ∆S U = S a − S a=0 , gives the geometric phase due purely to the atom acceleration. We neglect the very small contribution given by the Lamb shift term, Ω a ∼ ω 0 , and assume | −|r|+ | ∼ a 0 , where a 0 is the Bohr radius, and ω 0 ≈ −e 2 /8πhε 0 a 0 , so that γ 0 /ω 0 ≈ 10 −6 [25] . By considering an initial state with angle θ = π/5 and ω 0 ∼ 10 9 s −1 , we obtain detectable phase differences for a ∈ (10 17 − 10 18 )m/s 2 , as shown in Fig.3 . These values of the accelerations are much less than the one required to detect Unruh radiation (∼ 10 26 m/s 2 ) and are physically accessible with current technology.
Quantum thermometer
A further application of Aharonov-Anandan phase is represented by the possibility to obtain very precise measurement of temperature by means of phase difference of two atomic systems at different temperatures. Indeed, a phase similar to the one in Eq. (3) is acquired by the atom also if it interacts with a thermal state. In this case the coefficients A a and B a are replaced by
, respectively, with E 0 =hω 0 . Thus, an atomic interferometer in which a single atom follows two different paths and interacts with two thermal states at different temperatures can represent a new type of very precise thermometer. The difference of geometric invariants between the two paths permits to determine the temperature of one sample once known the temperature of the other sample. If it is known the temperature T h of the hotter source, for fixed values of ω 0 and of time, one can measure the temperature T c of the colder cavity. Considering the atomic transition frequencies ω 0 , values of T h reported in Fig.4 , and time intervals of order of t = 4 × 2π/ω s, we obtain measurement of temperatures of cold sources of about 2 orders of magnitude below the reference temperature of the hot source, see Fig.4 .
Conclusions
We have revealed the presence of non-cyclic geometric A-A invariants in all the phenomena where vacuum condensates appear and shown their possible use in different physical phenomena. We have indeed shown that A-A invariant can be utilized as novel tool in laboratory detection of Hawking and Unruh effects, as instrument to test QFT in curved space in graphene. Also, we have suggested that a very precise quantum thermometer can be built by using geometric invariants properties.
